Fruits and vegetables are usually composed of exocarp and sarcocarp and they take a variety of shapes when they are ripe. Buckled and wrinkled fruits and vegetables are often observed. This work aims at establishing the geometrical constraint for buckled and wrinkled shapes based on a mechanical model. The mismatch of expansion rate between the exocarp and sarcocarp can produce a compressive stress on the exocarp. We model a fruit/vegetable with exocarp and sarcocarp as a hyperelastic layer-substrate structure subjected to uniaxial compression. The derived bifurcation condition contains both geometrical and material constants. However, a careful analysis on this condition leads to the finding of a critical thickness ratio which separates the buckling and wrinkling modes, and remarkably, which is independent of the material stiffnesses. More specifically, it is found that if the thickness ratio is smaller than this critical value a fruit/vegetable should be in a buckling mode (under a sufficient stress); if a fruit/vegetable in a wrinkled shape the thickness ratio is always larger than this critical value. To verify the theoretical prediction, we consider four types of buckled fruits/vegetables and four types of wrinkled fruits/vegetables with three samples in each type. The geometrical parameters for the 24 samples are measured and it is found that indeed all the data fall into the theoretically predicted buckling or wrinkling domains. Some practical applications based on this critical thickness ratio are briefly discussed.
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BACKGROUND AND MODEL
Many vegetables and fruits contain exocarp and sarcocarp and usually exocarp is stiffer than sarcocarp in order to protect it. There are many different morphologies for fruits and vegetables, and in particular wrinkled and globally buckled shapes are often observed, e.g. wrinkled pumpkins and buckled cucumbers (see Figs. 6 and 7). Why a fruit/vegetable takes the final shape when they ripe may be due to many different factors during the growth process. But, mechanical forces alone can play a very important role for determining the geometry of vegetables and fruits (cf. [1] ). Now, it has been understood that the out layer of plant meristems often expands faster than the inner one, leading to to the whole structure under compression on the interface (see [1] and [2] ). In fact, a newborn fruit or vegetable has a smooth surface, and only after the certain period of growth, the morphology features occur and remain since (cf. [3] to see details). Over the past decades or so, many authors have used purely mechanical models to study patterns in biological objects, e.g., fingerprint formation by using the Von Karman's equations ( [4] , [5] ) and pattern formation in plants through shell instability ( [6] ) and shapes of sympetalous flowers through growth of a thin elastic sheet ( [7] ).
Actually, it has been known for some time instabilities can lead to a variety of patterns in a mechanical system. For example, for a thin layer coated to a compliant substrate and a core/shell system, various highly ordered patterns can occur due to the mismatched deformation( [8] , [9] , [10] , [11] , [12] ). Also for a thin shell or plate, wrinkling will occur when the structure is under indentation( [13] , [14] ). Since ordered patterns also appear in many planets, those works certainly give the motivations to use suitable mechanical structures which resemble the plants to capture those patterns in order to gain certain understanding of their formation. In [15] , the authors consider the stretching of a thin sheet, when the in plane strain γ reaches a critical value, wrinkling will occur at the longitudinal direction due to compression. Their model can be applied to estimate the elastic properties of our skin or some fruit qualitatively. In [16] and [3] , the authors approximated some fruits and vegetables as spheroidal and ellipsoidal core/shell systems. Under suitable stresses, they analyzed the postbifurcation states to understand the different morphologies as the four dimensionless parameters (the shape factor, the thickness ratio of core/shell, the modulus ratio of shell/core and the growth stress ratio) vary. The numerical simulations successfully captured the similar morphologies of different fruits and vegetables by specifying the geometrical and material parameters in certain ranges. The work by Yin et al.([16] and [3] ) made it clear that geometrical parameters have a great influence on the number of wrinkles in wrinkled fruits/vegetables. Here, we examine the influence of the geometrical parameters on the final shapes of fruits and vegetables with exocarp and sarcocarp from a different aspect. The aim is to show that there exists a critical thickness ratio of sarcocarp and exocarp, which separates a buckled shape and a wrinkled shape, independent of the stiffnesses of sarcocarp and exocarp. For a fruit/vegetable with exocarp and sarcocarp, we model it as a structure of a layer bonded to a substrate. As discussed before, the stress can play a vital role in the morphology of a fruit/vegetable. As an idealization, we suppose that the structure is subjected to a uniform compressive stress everywhere, which is equivalent to applying a uniaxial compression at both ends. The mechanical model is depicted in Fig. 1 , whereb,ā andl denote the thicknesses of the layer and substrate and the length respectively. We point out that in this paper we only consider the onset to a buckled or wrinkled shape, not the morphology beyond. Of course, the surface of a fruit or vegetable is not planar, but as pointed out in [17] , it resembles the layer-substrate structure and it is expected that the theory can be applied with reasonable accuracy.
Both exocarp and sarcocarp are modelled as SaintVenant materials, for which the strain energy takes the form
where E =
is the Green strain tensor (F is the deformation gradient), and λ and µ are the Lamé constants. It is supposed that the Lamé constants for the layer and substrate are different. For convenience, a bar on a quantity is referred to one for the layer and a quantity without a bar is referred to that for the substrate. For example,λ,μ represent the Lamé constants of the layer. For further simplicity, we assume that both layer and substrate have the same Poisson's ratio and their Young moduliĒ and E are different.
The onset to a buckled shape or a wrinkled one can be determined by a linear bifurcation analysis of the current model. For a single hyperelastic layer/plate under compression, the linear bifurcation analysis was given in [18] . For a layer bonded to a half-space, we refer to [19] , [20] and [21] for the corresponding analysis. Here, in our model the substrate is of finite thickness and we present the linear bifurcation analysis in the appendix. According to such an analysis, the bifurcation condition can be written in the following form:
where the function f is in the form of a determinant given in the supporting information, Y =Ē E is the ratio of Young moduli, ν is the Poisson's ratio,b l is the aspect ratio of the layer, r =ā b is the thickness ratio of substrate and layer, n is the wave number and m 1 is the critical stretch. Once the geometrical parameters b l , r and material parameters Y and ν are specified, for a given wave number this equation determines the critical stretch (the critical stress can then be easily determined). For this layer-substrate structure, the first mode (for which the critical stretch is the largest, i.e. the critical compressive stress is smallest) can be either a buckling mode or a wrinkling mode. For the buckling modes, usually the critical stretch decreases as the wave number increases so the first mode is for n = 1. However, for n = 1 the buckled shape is not symmetric but for buckled fruits/vegetables the shape is roughly symmetrical about the middle. Based on such a consideration, we only study n ≥ 2 modes.
In Fig. 2 , we fix the values of Y , ν andb l and plot the critical stretch curves versus the thickness ratio for n = 2, 3, 11 and 12. We point out that the curves for all other modes (which are not shown) are always below either n = 2 curve or n = 11 curve and thus the first mode can only be the n = 2 mode or n = 11 mode, depending on whether the thickness ratio is smaller or larger than the value r c shown in the figure. The bifurcation analysis in the supporting information also gives the eigenfunction for each mode, and based on which we can plot the eigen shape of the structure for a given mode. For the parameters chosen in Fig. 2, r c = 18 .0565. Then, for r = 18 the first mode is n = 2 mode and r = 18.1 the first mode is n = 11 mode. The eigen shapes of the structure for these two values of thickness ratio are shown in Fig. 3 . One can observe that for r < r c the structure is in a buckling mode while for r > r c it is a wrinkling mode. Thus, the critical thickness ratio r c separates buckling and wrinkling modes. To further analyze r c , we observe that r c corresponds to the intersection point of the n = 2 curve and an n ≥ 3 curve which has the largest stretch value (in Fig. 2 it happens that this curve is n = 11). Therefore, r c can be determined from the following three equations:
Onceb l , Y and ν are given, r c , the wave number n and the critical stretch m 1 can be found. It turns out that the value of Poisson's ratio has little influence on r c and thus from now on we fix its value to be ν = 0.1. Then, for a givenb l , the above three equations yield a relation between r c and the ratio of Young moduli. Forb l = 0.01, we plot the r c − Y curve in Fig. 4 . For a given Y , if the thickness ratio is above or below this curve, the structure is in a wrinkling mode or buckling mode. Another intrinsic feature is that this curve has a global minimum at r c = r m . Thus, under the condition that there is a sufficient compressive stress, if r < r m the structure is always in a buckling mode and if the structure is a wrinkling mode one must have r > r m . Another importance of the existence of r m is that it is independent of the ratio of Young moduli. Actually, for r m we should have ∂rc ∂Y = 0, which leads to
where
This equation together with the previous three equations in (3) determine a relation between r m andb l . We point out that this relation is purely geometrical and is independent of the material parameters of the layer and substrate. Probably, the existence of this critical ratio r m and which is only related to the aspect ratio of the layer is the major finding of the present theoretical analysis. We plot the r m curve asb l varies in Fig. 5 . This r m curve divides the wholeb l − r plane into two parts. Based on the discussions below (3) and this figure, we can conclude that, no matter what the material parameters are, for a given aspect ratio of the layer, if the thickness ratio is below this r m curve the structure is in a buckling mode (with a sufficient compressive stress) and if the structure is in a wrinkling mode the thickness ratio must be above this r m curve.
MEASURED DATA AND DISCUSSIONS
The theoretical analysis on a layer-substrate structure demonstrates the criticalness of the thickness ratio r m in determining the buckled or wrinkled shape. Now, we shall examine this ratio for a number of fruits and vegetables to see whether it can provide the correct prediction. The moduli of fruits and vegetables are difficult to measure. However, both the thickness ratio of exocarp and sarcocarp and the aspect ratio of exocarp are geometrical parameters, which can be measured without much difficulty. More specifically, we choose eight types of vegetables and fruits (each with three samples) for measurement. The wrinkled fruits/vegetables include large pumpkin, small pumpkin, chayote and Korean melon (see Fig. 6 ) and buckled fruits/vegetables include banana, emperor banana, zucchini and cucumber (see Fig. 7 ). We mention that all samples are ripe fruits/vegetables. More properly, one should use samples just before they start buckling or wrinkling but it is a difficult task to acquire them. So here, the assumption is that the thickness ratio and aspect ratio of ripe fruits/vegetables are not much different from those near buckled or wrinkled shapes at the growing process.
Since our model is two-dimensional, we shall take certain cross section of a fruit/vegetable for measurement. For those buckled fruits/vegetables, we take a longitudinal cross-section and then cut the half-part averagely along the latitudinal direction (see Fig. 7 ). Then, this half cross section can be considered as a layer-substrate structure. It is pretty straightforward to measure the thicknesses of the exocarp and sarcocarp and the length (although for the thin exocarp the measurement may have some error and we assume that our measurement has an error of 10% for the thickness of exocarp). The measured data are given in Table 1 . For those wrinkled fruits/vegetables, we take a latitudinal cross section and also cut it into half (see Fig. 6 ). It is not difficult to measure the thicknesses of exocarp and sarcocarp. But, since the cross section is not flat, the corresponding length of the structure in the mechanical model is not obvious. Here, as a simplification we take it as the average of the outer and inner boundary lengths. The data for these wrinkled fruits/vegetables are given in Table 2 .
We plot the measured data in theb l −r m plane together with the critical r m curve. The results for the buckled fruits/vegetables are shown in Fig. 8 . Due to the possible 10% measurement error for the thickness of exocarp, for each sample the data is represented as a line segment. For example, for the three banana samples there are three line segments. For the four types of buckled fruits/vegetables, there are in total twelve line segments, which, as can be seen, are all below the critical r m curve. Thus, indeed, the thickness ratio of sarcocarp and exocarp and aspect ratio of exocarp is located in the buckling mode as predicted by the theoretical analysis. In particular, for the samples of banana, emperor banana and cucumber those nine line segments are well below the r m curve, which implies that even with a bigger measurement error the theory provides the correct prediction. The data for four types of wrinkled fruits/vegetables are shown in Fig. 9 . As one can see, all the twelve line segments are located well above the critical r m curve. In this case, it implies that even the measurement error is bigger than 10% the data still fall into the theoretically predicted wrinkling mode. In summary, the existence of the critical thickness ratio of sarcocarp and exocarp, which separates a buckled shape and a wrinkled shape, is supported by the 24 samples of buckled and wrinkled fruits/vegetables.
CONCLUSION
Motivated by understanding the formation of a buckled or wrinkled shape of fruits/vegetables, we consider a simple mechanical model with a layer-substrate structure under uniaxial compression. A linear bifurcation analysis leads to the bifurcation condition for the onset to a buckling or wrinkling mode. Some further analysis on this condition yields a critical thickness ratio (as a function of the aspect ration of the layer). It seems to be rather remarkable, this critical ratio, which is purely geometrical and independent of the material parameters, can provide a sufficient condition for a buckled shape (under sufficient compressive stress) and a necessary condition for a wrinkled shape. That is, for a given aspect ratio of the layer, under sufficient compressive stress the structure is in a buckled shape if the thickness ratio is smaller than this critical value; if the structure is in a wrinkled shape the thickness ratio must be larger than this critical value. We measure four types of buckled fruits/vegetables and four types of wrinkled fruits/vegetables (each with three samples) and the data for all the 24 samples support the theoretical prediction. The study appears to reveal such a critical thickness ratio is intrinsic for buckled and wrinkled fruits/vegetables.
It should be pointed that the growth of fruits and vegetables is really complicated, combining together mechanical, biological and biochemical processes( [22] , [23] , [24] ). Nevertheless, a purely mechanical model may still provide useful insights, as demonstrated here that the samples indeed support the existence of a critical thickness ratio for buckled and wrinkled fruits/vegetables. At least, the work once again shows the importance of geometrical parameters in determining the shapes of fruits/vegetables. As a side product, the results could help in choosing a fruit/vegeable in our daily life. For example, if a pumpkin has no wrinkles, the thickness ratio of sarcocarp and exocarp should be relatively small (less than r m ), which could imply a relatively thick exocarp or thin sarcocarp. On the other hand, if a pumpkin has wrinkles, the thickness ratio should be larger than r m , which could imply a relatively thick sarcocarp or thin exocarp. Actually, a further analysis of equation (2) shows that in the wrinkling mode the mode number n (i.e., wrinkle number) is a decreasing function of the thickness of the layer. Thus, choosing a pumpkin with more wrinkles is more desirable as its exocarp is relatively thin or its sarcocarp is relatively thick.
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Linear bifurcation analysis
The bifurcation condition for the mechanical model used in this paper (see Fig. 1 ) can be obtained by an incremental theory in a similar way as in [18] for a hyperelastic plate/layer.
The initially stress-free state of the layer-substrate structure is denoted by B 0 and the critical state immediately before buckling/wrinkling is denoted by B. The deformation from B 0 −→ B should be homogeneous, as it is a state caused by a uniform compression. Denoting the deformation gradient of the substrate arising from B 0 −→ B by F, we have
where m 1 and m 2 are the stretches along the X-axis and Y -axis respectively. Using the traction-free boundary conditions at the bottom, for a Saint-Venant material it is easy to deduce that
A similar relation can be obtained for the layer. Now we superimpose a small deformation with displacement component (u 1 , u 2 ) on B, denote the new state by B t and also take B as the new reference configuration. The linearized incremental nominal stress is (see [18] )
whereF is the deformation gradient from B −→ B t and A 0 , a fourth-order tensor, is the first-order instantaneous elastic moduli referred to B. The linearized incremental governing equations (neglecting the body force) for a static problem, can be written as
where div is the divergence operator in B. Substituting (8) into (9), we have the governing equations in component form
where () ,i denotes ∂ ∂xi () and (x 1 , x 2 ) are the rectangular coordinates in B. Note that the summation convention is adopted unless otherwise stated. A 0jilk can be expressed in terms m 1 and m 2 , whose formulas can be found in [25] . The incremental traction-free boundary condition at the bottom of the substrate gives
Similar governing equations for the layer and tractionfree boundary condition at the top can be also obtained, and here we omit the details.
Also, it is assumed that the interface between the layer and substrate is perfectly bonded. As a result, the traction and displacement should be continuous at the interface, and we have
where a bar refers to a quantity in the layer. For the two ends, it is assumed that they keep flat during the deformation and there is no shear stress, which lead to
We seek a solution of (10) of the form
Substituting the above expressions into (10) yields a system of two linear second-order ordinary differential equations for u(y) and v(y). The characteristic equation of the system has four different complex roots, which are denoted by
Then, it is easy to get the following solution:
where λ 1 , λ 2 , ξ 1 and ξ 2 are related to the material parameters in the Saint-Venant strain energy function, m 1 and k, and C i (i = 1, 2, 3, 4) are arbitrary constants. Similarly, we can also get the general solution of the layer with four constants (C 5 , C 6 , C 7 , C 8 ) and the long expressions are omitted.
Substituting (15) − (17) into the conditions (14), we find that k = nπ l (n = 1, 2, . . .), where l = m 1l and n is the so-called wave number.
By the use of the four continuity conditions at the interface (cf. (12), (13)), we can represent (C 5 , C 6 , C 7 , C 8 ) in terms of (C 1 , C 2 , C 3 , C 4 ), and finally the four tractionfree boundary conditions at the top and bottom yield the following linear algebraic system:
where C = (C 1 , C 2 , C 3 , C 4 ) T and M is a 4 × 4 matrix and we omit the lengthy expressions for the elements. In order to get non-trivial solutions for C i (i=1,· · ·,4), the determinant of the coefficient matrix M must vanish, that is, det(M) = 0, which is the bifurcation condition. For simplicity, we assume that the layer and substrate have the same Poisson's ratio. Then this determinant is related to the ratio of Young moduli Y =Ē E , the Poisson's ratio, the thicknesses ratio of the substrate and layer r = ā b , the stretch m 1 and wave number n. We denote the bifurcation condition as
In [26] , we consider a similar structure in which the substrate is composed of a Blatz-Ko material. In particular, we give a complete classification of the parameter domains for different modes and provide a full asymptotic analysis. 
